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COMPLEX CONVEXITY IN
LEBESGUE-BOCHNER FUNCTION SPACES

PATRICK N. DOWLING, ZHIBAO HU, AND DOUGLAS MUPASIRI

ABSTRACT. Complex geometric properties of continuously quasi-normed
spaces are introduced and their relationship to their analogues in real Banach
spaces is discussed. It is shown that these properties lift from a continuously
quasi-normed space X to LP(u, X), for 0 < p < oo. Local versions of these
properties and results are also considered.

1. INTRODUCTION

There are many papers in the literature dealing with the problem of lifting a
property of a Banach space X to the Lebesgue-Bochner function spaces LP(u, X),
for 1 < p < oo. In particular, several of these articles deal with lifting a geometric
property of X to LP(u, X) (see the survey paper of Smith [10] and the references
therein). Specifically, it is now well-known that strict convexity, uniform convexity,
local uniform convexity, and midpoint local uniform convexity all lift from X to
LP(u, X) when 1 < p < oco. In the late 1960’s and early 1970’s Sundaresan [12, 13]
and Johnson [7] considered local versions of these results. One such result was that
of Johnson [7], where it was shown that if X is a separable Banach space and f is a
norm 1 element of LP(u, X), for 1 < p < oo, then f is an extreme point of the unit
ball of LP(u, X) if and only if f(w)/||f(w)]| is an extreme point of Bx for p-almost
all w in the support of f. Later, Greim [4] showed that the separability condition
on X was essential. Results of a similar ilk can be found in [5, 9, 10].

In the early 1980’s, much work in the area of the geometry of Banach spaces
was directed at the complex geometry of complex Banach spaces. Davis, Garling,
and Tomczak-Jaegermann [1] introduced the notion of uniform PL-convexity as
a complex analogue of uniform convexity in real Banach spaces. Uniform PL-
convex spaces exhibit some of the nice features enjoyed by uniform convex spaces,
but it is unknown whether a Banach space which is uniformly PL-convex can be
renormed to be uniformly PL-convex, where the modulus of uniform PL-convexity
is of power type [1]. Xu [15] offered his own complex analogue of uniform convexity
called uniform H-convexity. He showed that if a Banach space is uniformly H-
convex, then it can be equivalently renormed to be uniformly H-convex where the
modulus of uniform H-convexity is of power type [15]. Both of these “complex
uniform convexity” properties are not measures of convexity but rather measures of
subharmonicity and so it was possible to define these properties not only for Banach
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spaces but for continuously quasi-normed spaces (see section 2). The complex
analogue of strict convexity is complex strict convexity. Complex strict convexity
was introduced by Thorp and Whitley [14] for complex Banach spaces, and is a
measure of convexity. However, it was shown by Dilworth [2], that it can be viewed
as a measure of subharmonicity.

There are some lifting results known for these complex geometric properties.
For example, if X is a continuously quasi-normed space which is uniformly PL-
convex (respectively, uniformly H-convex), then LP(u, X) is uniformly PL-convex
(respectively, uniformly H-convex), for 0 < p < oo [1] (respectively, [14]). If X is a
Banach space which is complex strictly convex, then LP(u, X) is complex strictly
convex for 0 < p < oo [2]. This last result is somewhat unsatisfactory because the
requirement that X be a Banach space is too restrictive. In particular, the result
provides no information about the complex strict convexity of L?(u, L9(n)) when
0 < p,q <1, even though LP(u) and L9(u) are both complex strictly convex. The
result has not been improved because of the lack of a suitable definition of complex
strict convexity in continuously quasi-normed spaces. We will remedy the situation
in this paper.

In section 2, we introduce the notion of complex strict convexity of a continuously
quasi-normed space and more generally introduce the notion of a complex extreme
point of the unit ball of a continuously quasi-normed space, which is the complex
analogue of an extreme point of the unit ball of a Banach space. We also introduce
the notion of complex strongly extreme point and analytic denting point which
are complex analogues of strongly extreme point and denting point, respectively.
Analytic denting points were motivated by the characterization of denting points
in [3]. In section 3, we prove lifting results for these properties from a continuously
quasi-normed space X to LP(u, X) where 0 < p < oo. The statements of these
results are similar to their real counterparts [5, 7, 9, 10 & 11] but the proofs are
quite different, and in fact, the proofs can be modified to recover their corresponding
real analogues.

2. PRELIMINARIES AND DEFINITIONS

A quasi-normed space is a pair (X, || - ||) where X is a vector space and || - || is a
function on X with values in R satisfying
(a) ||Az]] = |A| ||=|| for all scalars A and all  in X;
(b) there exists C' > 0 such that ||z +y|| < C[||z| + ||y||] for all  and y in X;
and,

(¢) |lz|| = 0 if and only if 2 = 0.
The smallest C' for which (b) holds is called the quasi-norm constant of (X, || - ||).

A quasi-normed space (X, ||-]) is said to be a continuously quasi-normed space if
|- || is uniformly continuous on the bounded subsets of X. We shall call a complete
continuously quasi-normed space a continuous quasi-Banach space. A continuous
quasi-Banach space (X, || - ||) is said to be locally PL-convex if log|| - || is a pluri-
subharmonic function on X [1, Proposition 2.2].

If X is a continuous quasi-Banach space, then Bx will denote the unit ball of X
and Sx will denote the unit sphere of X.

Throughout this paper, D will denote the open unit disc in the complex plane,
and T will denote its boundary.
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Definition 1. Let X be a complex Banach space and let € Sx. Then z is called
a complex extreme point of Bx if for every non-zero y € X, there exists z € D so
that ||z + zy|| > 1.

A Banach space is said to be complex strictly convex if every element of Sy is a
complex extreme point of By.

The following characterization of complex extreme points can be found in [8].

Theorem 2. Let X be a complex Banach space and let x € Sx. Then the following
conditions are equivalent:

(i) x is a complex extreme point of Bx;

(ii) there exists 0 < p < oo such that for all non-zeroy € X, foh |z +eify|P L >
L

(iii) for each 0 < p < oo and for each non-zero, y € X, f027r 2+ efy|P L > 1.
From Theorem 2, we are naturally led to the following:

Definition 3. Let X be a continuous quasi-Banach space. A point z € Sx is said
to be a complex extreme point of By if for each non-zero y € X,

2m
9 do
6
— > 1.
| el

We say that X is complex strictly convex if every element of Sx is a complex
extreme point of Bx.

Remarks.

1. Clearly Definitions 1 and 3 are equivalent in Banach spaces because of The-
orem 2.

2. Let X be a locally PL-convex continuous quasi-Banach space. A point € Sx
is a complex extreme point of Bx if and only if for some 0 < p < oo (or for
all 0 < p < o0) and all non-zero y € X, foh |z + ey|[P2 > 1. This follows
from [1,Theorem 2.4].

3. Note that to obtain the result in Remark 2 one can relax the condition that
X is locally PL-convex, by only insisting that the function log ||z + zy|| is a
subharmonic in the complex variable z for each y € X. However, in most ap-
plications one deals with locally PL-convex continuous quasi-Banach spaces,
so from now on we will restrict our attention to that class of spaces.

A strengthening of the notion of complex extreme point is the following:

Definition 4. Let X be a locally PL-convex continuous quasi-Banach space. A
point x € Sx is said to be a complex strongly extreme point of By if for each € > 0,

there is 6 > 0 so that fo% |z + ey|| 42 > 1+ 6, whenever y € X and ||y > e.

Remarks.
1. A point x € Sx is a complex strongly extreme point of Bx if and only if for
some 0 < p < oo (or for all 0 < p < o0) the following condition holds:

for each € > 0, there is §, > 0 so that fo27T o+ e?y|P g2 >
1+ 6p, whenever y € X and ||y|| > e.

This follows from [1, Theorem 2.4].
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2. If X is a complex Banach space, then a point z € Sx is a complex strongly
extreme point of By if and only if for each € > 0, there is 6 > 0 such that
for each y € X with ||y|| > e, there is z € D with ||z + zy|]| > 1 + 6. See [2,
Proposition 2.2; 6, Theorem 7].
3. It is clear from Remark 2 that the notion of a complex strongly extreme point
in a complex Banach space is the analogue of a strongly extreme point of a
real Banach space.
It should be noted that complex strongly extreme points are the local analogues
of uniform PL-convexity [1]. The local analogue of uniform H-convexity (see [3]) is
the following:

Definition 5. Let X be a locally PL-convex continuous quasi-Banach space. A
point « € Sx is said to be an analytic denting point of Bx if for each € > 0, there
is 6 > 0 so that f | P(e)||22 > 1+ 6, where P(e®) = S°7_ are™, a; € X, for

nggnandneN,Wlthao—xandfo | P(e?) — deeZE

Remarks.
1. A point z € Sx is an analytic denting point of Bx if and only if for some
0 <p < oo (or for all 0 < p < o) the following condition holds:

for each ¢ > 0, there is &, > 0 so that JZT PP > 1+
6p, whenever P(e?) = S°)_ are™® ap € X, for 0 § kE<n
and n € N, with ap = z and (fo27T | P(e??) — x||p%)% > e.

This follows by modifying a result of [16, Theorem 2.1].

2. For 0 < p < oo, HP(T, X) = {f € LP(T, X) : f(n) = 0 for all n < 0} and the
norm of HP(T, X) is the usual LP(T, X) norm; ||f|l, = ( 0% ||f(ei9)||p%)%.
Polynomials of the form P(e?) = Y} _ are*® ar € X, for 0 < k < n
and n € N, are dense in HP(T,X). Thus we have the following equivalent
formulation of an analytic denting point:

x € Sx is an analytic denting point of Bx if and only if for
each € > 0, there is § > 0 so that ||f|[1 > 1+ ¢ whenever
f € HY(T, X) with f(0) =z and ||f — f(0)||1 > e.

A similar characterization of an analytic denting point can also be obtained
in terms of HP(T, X)-functions using Remark 1.

3. It is clear from the definitions that analytic denting points are complex
strongly extreme points. The converse is not true as the following exam-
ple shows.

Example 6. The point x = (1,1,1,...) is a complex strongly extreme point of
By, since it is a strongly extreme point of Byeo.

On the other hand, if a € D, let ¢, be the Mobius transformation ¢, (z) = ﬁ—a‘lz
Then ¢, maps D onto D and T onto T. Also,

sup |<pa(ei9) —al=1+|a| > 1.
6eR

That is, supycp |0a(€?) — $a(0)| > 1.
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Let {am},o2; be dense in T. Let {r, },2; be asequence in (0, 1) with lim r, = 1.
Define

fniD— 1l by

o0

1

TnQm

ful2) = ( oo (z))

m=1

Note that for each z € T, || fn(2) ¢ = %, fn(0) = (1,1,1,...) and f, is analytic
on D.

Hence f,, € HY(T,¢>) and || fu|1 = X, s0 lim,, oo || fn|l1 = 1. However

Tn '

| fn = £n(O)]] _/% sup |—— () -1 o
n n 1= 0 me% o Prpam o
2
1 '9 de
= —_ Tha ) = Ar am (0)| ==
/O S | m(€7) = Praan (0|5
1
>—>1, forallnéeN.
Tn

Thus z is not an analytic denting point of Bx.

3. LIFTING THEOREMS

Throughout this section (2, 3, 1) will denote a positive, complete measure space.
If X is a continuous quasi-Banach space and 0 < p < oo, then LP(u, X) is the
Lebesgue-Bochner space of all (equivalence classes of ) strongly measurable functions
f:Q — X for which || f||z,ux) < o0, where

1l Ee(u,x) = (/Q If(w)ll”du(w)) ' -

LP(u) denotes LP(u, X), when X is the scalar field.

Theorem 7. Let X be a locally PL-convex continuous quasi-Banach space, let 0 <
p <00, and let f € Spo(u x). Then f is a compler strongly extreme (respectively,
analytic denting) point of Brvu,x) if and only if % is a complex strongly
extreme (respectively, analytic denting) point of Bx, for p-almost all w € supp f =

{weQ: f(w) #0}.

Proof. We will prove the theorem for analytic denting points; the result for complex
strongly extreme points follows in a similar manner.

Suppose that for p-almost all w € supp f , f(w)/||f(w)| is an analytic
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denting point of Byx. Let {G,},2; be a sequence in HP(T,LP(u,X)) with
lim, o0 |Gr + fllp = 1, and G,(0) = 0. To show that f is an analytic dent-
ing point of By, x) it suffices to show that lim, .. [|Gnl[, = 0. Since G,,(0) =

0, (C/?;(O)) (w) = 0 for p-almost all w € Q. Hence

, 27 0 do
1Ga )+ 5= [ 1Ga(e) + Mg 5
0

/%/|G D))+ F ) )

o i0 pﬁ
:/Q/O 1G () (W) + f@)IIP5—dp(w).

1

Define go(w) = (J; [Ga(e)(w) + F()[P£2)”
Note that g, (w) > || f(w)]| for p-almost all w € Q and

IWAH#%:A%WWMw

e1=lﬂﬂmwww»

Hence, there is a subsequence {gn, } >, of {gn },22; converging pointwise y-almost
everywhere to | f]|.

Note that
27
df
Gn P _ Gn 0
1Gaallp = [ 1G5

_A%Amemwmwwg
//%Wm” W—WU

/W&k )|[Pdu(w).

Also, since [|Gr, ()(@) + f(@)llp = gne (@) = [ f(W)]| and Gy, (0)(w) = 0O for -
almost all w € Q, |Gy, (-)(w)]|p — 0 for p-almost all w € §, because f(w)/| f(w)]|

n
is an analytic denting point of Bx for p-almost all w € supp f.
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27
1Gu @ = [ I )
2 0 df
:/ |G (€°)(@) + f(w) = F@)II"5
0

< [ {efiGuiener + o+ ]| 2

(where C' is the quasi-norm constant of X)

< [ @op [IGu () + F@IP + 1) 52
0
= (2CYlga (@) + £ @7

Since {(2C)?[gn, () + [[f()IP]}Z, converges in L' (1) and since |G, (-) ()|} -

0, for p-almost all w € Q, we have by a variation of the Lebesgue Dominated
Convergence Theorem that

1Gull = [ G O dife) 0.

By repeating this argument for each subsequence of {G,, },2°; we conclude that
|Gnllp — 0. Therefore, f is an analytic denting point of Brr(,, x)-
n

Conversely, suppose that
E={wesupp f: f(w)/|lf(w)| is not an analytic denting point of Bx}
is not a p-null set. Then p*(E) > 0, where p* is the outer measure of . Define

E, ={w e N : there exists {gx},=; in H?(T, X), with §5(0) =0,

1 1
lge + F@)llp < If @I+ 7, gkl = — for all k € N, and [|f(w)]| < n}.

Clearly, E = |J,—_, E,, and so there is ng € N such that p*(E,,) > 0. Without
loss of generality we can also assume that p*(Ey,) < oo. Therefore, there exists
F € ¥ such that E,, C F, u(F) = p*(Ey,) and || f(w)|| < ng for all w € F. Let
g0 = " (Eng)/2.

Let C be the quasi-norm constant of LP(T, X). Choose M > 0 so that (1+:1:)% <
14+ M2} for all ¢ € [0,e0].

If § > 0 s given, choose 0 < &1 < ¢ so that M (3e1p* (Eno))min{%’l} < 6. Since X
is a continuous quasi-Banach space, so is LP(T, X) [1, Proposition 2.1], and hence
|| - 1| and || - Hipm x) are uniformly continuous functions on bounded subsets of X

and LP(T, X) respectively. Therefore there is 61 > 0 so that ||z + y||? < ||z||? + &1
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whenever ||z]| < 2noC and ||y|| < 61, and Hh—f—k”Lp(T x) < HhHLp 1,x) &1 Whenever
12l zr(r,x) < no+ 1 and ||kl Lo(r,x) < 61-

Since f is measurable and u(F) > &g, there exists pairwise disjoint, measur-
able subsets F1, ..., Fy, of F' each of positive py-measure and Z i1 w(F;) > € and
diamf(F};) < 6, for each j = 1,2,....k. Clearly, p*(F; N E) = u(F;) > 0 for each
j=1,...,k Choose w; € F; N E for each j = 1,...,k. Choose g; € HP(T, X) with
9;(0) = 0, lgillp > 7. and ng + fw)llp < 1f(@s)lIP + €1. Define

G:T— LP(u, X)

k

G(ew) = Zgj(eie)XFj.

J=1

Clearly, G € HP(T, L?(u, X)), G(0) = 0, and

Gl = (/ 16|z, #Xéﬁ)%
=[[7 [1eereracwm ]
- //%nG P grdute)|

[ 2m k

|~

|~

s =

k
= | [ Xl @) ) auo)

=

1
k P 1
1 11 g
> (Un) 2 et =ik
no =1 no no

On the other hand, for all w € Q

£ @)IP7; if we UL, F

G(e)(w) + fw)|P = ;
1G(e)(w) + f(w)] {|gj(eze>+f(w)|p; if w € Fj.
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Hence, if w € O\ U?Zl F;

27
/0 1G()w) + F@)IP a2 = )P
and if w € F}, then

do

0 2 )
7= [ o + Py

2
| 6w + g

= llg; + f)70r x)

= |lg; + fw;) + (f(w) = F@D oz x)
< llgs + F@i)llzoer x) + 1

< 1f@)lIP + 26

= [If(@) + flwj) = F@)]IP + 2e1

<P + 3e,

where the first inequality follows from the fact that ||g;+ f(w;)[| L (r,x) < no+1 and
I|f(w) = f(wi)llLe(r,x) < 61, and the last inequality follows because || f(w)|| < 2n0C
and |[f(w) = f(wj)ll < 61.

Therefore,

[ 160 + FIP G ISP+ 33 (o)

Consequently,

=

IGC) + fllp = / ﬂ/ |G(ei9)(w)+f(w)|pdu(w)%]

_ _/Q/QWG D) + F@P o dp(e >]%

/ @7 +36X (@) | du(w)
Q UFj

_ . 1
= [IF1IP +3e1p (U Fa)]
L J=1

IN

B =
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min{%J}

< IfI+ M Berp )

<.
Il ( E
-

< |fI+ MBerp(F))mints 1
<|Ifll +.

It follows that for each n € N, there exists G,, € HP(T, LP(u, X)) such that
1

1Gallp > 52, G(0) = 0 and [|Ga() + fllp < I £]| + 2
Hence f is not an analytic denting point of Brr(, x)-

Theorem 8. Let X be a locally PL-convex continuous quasi-Banach space, let
0<p<ooandlet f €S x
(@) If f(w)/|If )|l is a complex extreme point of Bx for u-almost all w € supp f,
then f is a complex extreme point of Bry(u,x)-
(b) If X s separable and f is a complex extreme point of Brr(, x), then
F@)/If(w)| is a complex extreme point of Bx for p-almost all w € supp f.

1

Proof. (a) Suppose that g € LP(u,X) satisfies ( fo IIf + € gHLpNX)gfr) =
[ f1lL# (u, x)- Then

2
(L r@pduens = ([ [ 176+ s i) g
([ [ 156+ gl g au®.

However, since || f(w)||? < f [f(w) + e?g(w)||PL, we have

2 . db . 1
Il f)l = (/ [ f(w) + e”g(w)ll”ﬁﬁ, for pi-almost all w € Q.
0

Clearly, if w € Q\ supp f then g(w) = 0, and since f(w)/||f(w)|| is & complex
extreme point of By for p-almost all w € supp f, g(w) = 0 in LP(u, X) and so f
is a complex extreme point of Brr(,, x)-

(b) Suppose that E = {w € supp f : f(w)/| f(w)] is not a complex extreme
point of Bx} is not a p-null set. Then p*(E) > 0, where u* is the outer measure
of u. Define

1
E,={weQ:|f(w)] <n and there is y € X with - < lyl| <n, and
2m
P
[ 1)+ ey = 1P,
0 7T

Then E = |J,-, E,. Hence there is ng € N such that u*(E,,) > 0. Without
loss of generality we may assume that p*(E,,) < co. Therefore, there exists F' € ¥
such that E,, C F, u(F) = p*(Ey,) and ||f(w)|| < np for allw € F'.
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By the definition of E,,, there exists a function ¢ : E,, — X such that % <

lg(w)[| < no and 7 [|f (w)+ePg(w) [Pdp(w) = | f(@)||P, for allw € E,. Since ||-||?
is uniformly continuous on bounded subsets of X, there is a sequence of positive
real numbers (6,,),, with 8, — 0 and satisfying ||z||? —27" < ||lz+y|? < ||z|P+27",
for all ||z]] < 2noC and |ly| < 6,. Let A = |J,—, N" and let A, = N*. If
a = (i1,...,im) and B € (j1,...,Jn) are elements of A, then we write a < (3 if
m < nand i; = j1,...,bm = Jm. Since f is measurable and X is separable, we can
inductively construct a sequence {II,}52; of countable partitions of F' with the
following properties:

II, = {Fataca, , Fa D Fgif a,0 € A with a < 3, and there is
Ay C FyNE,, such that u*(A, )—u( w), Aa D Agifa <, and
with both diam f(F,) < é,, and diam g(A,) < 6, for all & € A,,.

Ifa € A,, and A, # 0, choose w, € A,. Define

gn = Z g(wa)XFa-

acA,

Clearly g, € LP(u,X) and for all w € F, = < |[gn(w)| < no. Also ||gn(w)|| = 0
for all w € Q\F. Note that for all m € N, Hgn+m( ) — gn(w)]] <6, for allw € Q,
and since 6, — 0 ,{g,}22; converges pointwise, to a measurable function, h. It is
easily seen that h € LP(, X) , h(w) = 0 for all w € Q\F , ||gn(w) — h(w)] < b,
for allw € F, and % < ||h(w)]] < np for all w € F.

If w € Q\F, then ||f(w) + e®h(w)||P = ||f(w)||” for all # € R. If w € F and
n € N, then there is a unique a € A,, so that w € F,,. Thus

[ 1)+ P g = [+ €0u0) + € ) ] 175
< [Tl + gl + 27 5
/271' o pd9 B
= [ 15 0) + () + () — )P+ 27
< [ D) + a2 j—"w—
2
N /0 | f(wa) + eiegn(wa>||pd9 +27

= [lf(wa)[P +27*

= /() + (f(wa) = f@))IIP + 27"
<If@IP +27 + 27+

= [lf )P +3-27"

and since X is locally PL-convex we also have

/ 1)+ BRI > | ()
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Since n € N was arbitrary, we therefore have

1) + el g = sl

for all w € Q). Hence

2 ) do 2 ) do
07 |1p _ 6 p
|owrenigg = [ ] 1)+ et g

= [ [ 1)+ e dut)

:/Wwwww>
Q

= [I£1I5-

Thus since h # 0 in LP(u, X), f is not a complex extreme point of Brp(, x)-

Remark. Theorem 8 (b) does not hold if the restriction of X being separable is re-
moved [8]. Theorem 8 immediately gives the following improvement of [2, Theorem
2.5]:

Corollary 9. Let X be a locally PL-conver continuous quasi-Banach space and let
0 < p < oo. Then X is complex strictly convex if and only if LP(u, X) is complex
strictly convez.

10.

11.

12.
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